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1 Contextual Bandits Model

1.1 Motivation

Until now, the action we chose was the universally best option. However, suppose we are building
a system to provide recommendations to users, perhaps to suggest products to buy or to show them
relevant advertisements. The recommendation should depend on the ‘context’ of the user’s profile -
information we know about the given user (e.g. gender, location, etc.). We would like to use this
contextual information to personalize the recommendations.

Another example of this could be choosing a route for a drive. Even if their origins and destinations
are identical, two different users might want to take a different route. In different times, they might also
want to take different routes - The context could be things other than the user, such as different weather
or time of week or day.

This lecture will focus on contexts, where the context will influence the correct action to be taken.

1.2 Model

At time t € [T], a contextual bandit model observes context x; € X. The algorithm then chooses
action a; € A and receives loss ¢ (x¢,a;) € [0,1]. When defining the model, we need to take note of a
few things. First, how do we choose the context? Second, how do we set the loss?

Although the loss will always be a function of both the context (x;) and the chosen action (at), we
will usually write ¢;(a;) for the loss, omitting the context.

The set of possible contexts X might be finite (and even small), or it could be infinite, as we will see.
In this setting, we shall take a look at two models - the stochastic model and the adversarial model, as
described below.

1.2.1 Stochastic Model
In this model, the contexts are sampled from some distribution D, i.e, the contexts x; ~ D are i.i.d.
Given z; and ay, there is also a distribution over 1-sub-Gaussian loss functions which yields ¢ (¢, ay).

Recall that a random variable X is 1-sub-Gaussian if VA € R : E [e’\X] < eg. The reason for the
sub-Gaussian assumption on the loss functions here will allow the use of a Chernoff bound.

1.2.2 Adversarial Model

In this model, the contexts x; are chosen by an adversary. It also selects a loss functions ¢;(x, -) at each
time t, which is defined for all actions a € A. Note that the loss function is selected independently of
the chosen action ay.

1.3 Regret Definition

The model’s online loss is given by E [Zthl ét(at)].
To define regret, we must pick a benchmark value to compare this to. Previously we have seen such

a benchmark of the form min, E {Zle Et(a)} . However, this is too weak for a contextual bandit model,

1Based on the 2021/22 scribe notes by Morris Alper and Naama Yochai.
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because it treats action a as independent from context x;. We would instead like to measure how well
we are able to pick actions in context relative to an excellent choice of an action in context.

In order to do this, we define a policy class IT = {7: X — A} whose elements are policies that map
contexts to actions.

For example, in the basic MAB model actions are chosen without respect to any context, so the
policy class is I = {m, : a € A} where 7m,(z) = ¢ Vx € X - Every action has a policy that always
chooses said action (Since context is irrelevant in basic MAB, we can model it as a policy that maps
context to action, but the mapping is trivial).

1.3.1 Stochastic Model Regret

In the stochastic model,

Regret = E

Zﬁt(at)] - grnelltIlE [Z ét(”(xt))]
t=1 t=1

In other words, the regret measures our loss relative to the expected loss of the best possible policy,
where the expectation is relative to distributions over contexts and loss functions.

1.3.2 Adversarial Model Regret

In the adversarial model,

T T
Regret = E lz Et(at)] - frneiﬁlzgt(ﬂ(xt))

This is similar to the regret in the stochastic case, but since contexts and loss functions are selected
by the adversary at each time step ¢ there is no expected value applied to the benchmark term. Instead,
our observed loss is compared to the hypothetical loss of the best-in-hindsight policy. We assume that
the series of contexts are the exact same for both terms.

1.4 Motivation

Note that in contextual bandit models the set of contexts X and/or the set of policies II may be very
large. As we can see in the above expressions for regret, large | X| and/or |II| will make the contextual
bandit problem more challenging. We would like to minimize the dependence on these magnitudes.

2 Small Number of Contexts

2.1 Algorithm

In this case, suppose that | X| is small.
This case is “easy” - for every context x € X we maintain a separate algorithm ALG,:
Algorithm 1: Small Number of Contexts

for each time t do
Receive context z; € X
Run algorithm ALG,, to pick action a;
Use action a; and receive loss £¢(a;)
Return ¢;(at) to ALG,,

end
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Figure 1: Small Number of Contexts illustrated for X = {00,01,10,11}

2.2 Analysis

For each z € X, define T}, = {t : 2; = x} the time steps where context x is seen. Note that » T, = T.
We may assume that the algorithm ALG (operated on each context separately) has regret bound
Regret = R(T,K) = O(v/KTlog K) - for example, we know this bound holds if the EXP3 algorithm is
used.
Then we may calculate the total regret over all contexts:

Regret = Z Regret(ALG,)

rxeX

<Y R(T.|,K)
rzeX

=Y O(V/K|T:[log K)
xeX

=O0(I|X|K|T|log K)

If the number of contexts is small, the regret bound doesn’t change. However, if the number of
contexts is very large (let’s say larger than T'), then this bound becomes irrelevant.
Notice that the last equality follows from the fact that > _ /|T:| < /[X|T, which is a corollary

of the following general inequality with /|| in place of x;:

n
ing anf, T1,-, %, €ER
i=1 V.

Lemma 1
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Proof: Let X be a random variable which equals z; with probability % Then

Var(X) = E[X?] — (E[X])?2 >0
= (E[X])? < E[X?]

1< g )
-(15e) =5
n 2 n
$(2x1> San?
=1 3
n
=1

3 EXP4 Algorithm for Contextual Bandits
3.1 EXP4 Algorithm

Given that we have:
e aset A of k actions
e aset M of m experts s.t. for every round ¢ each expert returns ¢, ; € A(A)
Given that:
T T
Regret = E(Z ét (at)) — minieM Z ét X
t=1 t=1

Our goal is to achieve a regret bound of O(y/Tklogm). The naive solution is to pick M = A, and then
we get R = y/Tmlogm (usually m >> k).

Let S = min(m, k), the goal is to get Regret = O(v/STlogm).

This will allow us to have an exponential number of experts.

The idea for the algorithm is to maintain a weight w(7) for each expert i. At time ¢, we define the
weight of expert ¢ to be: Py(i) = wvtv—(f) where Wy = > wq(j). We will then choose an action a € A using
the distribution Q; which is the average of ¢;; according to P(). This will let us update many experts
from one action.

Algorithm 2: EXP4
Initialization wy(i) = 1; V1 <i<m
for each time t do
Expert i € M gives ¢;; € A(A) after seeing the context
Py(i) = wJV:)§Wt = EigM wy (i)
Va: Qi(a) =, Pi(i)qri(a)
Sample action a; from the distribution @

Define /;(a) = étt(&))]l{a = as}

for i=1,...,m do do

Compute hy(i) = ét Gt = étt(&tt)) qri(at)

Update Welghts wt+1(i) = Wy (’L')@*nht (1)
end
end
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3.2 Analysis

We show that h. () is an unbiased estimate of the loss of expert i:

Elh(i) | Qi) = E [gt : Qt,i] Z Q:(a qt il )( 9) = qy; - ¥y = loss (i)

ac€A
3.3 Regret Bound
From the analysis of EX P3 (for h;):
T T m
E|N Pih th logm—l—gz E [P.(i)h2(i)]
t=1 t=1 i=1
Need to bound
We will bound Y0", E [P(i)hi(i)] :
qr,i(a)l(a) ) 2 q?i(a) 2
P _ - < - l <1
Mr=aw(*6e") <Tow @<

Summing all the experts we get:

ZEW@WM=ZEm@mmnaugﬂzziﬁgﬂl

i=1 acA

Define:
Si(a) = max ¢ ;( Z Si(a); S = max Sy

We bound the second order term,

m

Y E[P(i)hi(i)] <E

i=1

ZZPt ()5)“ Si(a ] Zst

acA a€A

Now finally bound the regret:

T
ZPt - hy
t=1

Regret = F

For n = \/—107‘?;”.

3.4 Summary

T
— mjnth(i) < 1logm—i— gTS = O(y/TSlogm)
gt K

To give a bound depending on S we will consider a few cases:

1. If all experts always agree (¢, = q1.;):
Then Sy =3 g (a) =1
The bound will be O(+v/Tlogm)

2. If there are a lot of different minded experts:

The bound will be O(+/T Klogm)
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3. If we have many actions, but only a few experts:

Su(a) = max g, s(a) < 3 gui(a)
i=1
This means that: .
St = ZSt(a) S Zqu—(a) =m
a i=1 a
Thus the bound is: O(v/Tmlogm)
Advantage: Optimal regret bound.

Disadvantage: Space and runtime bound O(m)

4 Stochastic Contextual Bandits

Let I be a class of policies:

M={relr: X - A}
We will show a greedy algorithm in the context of the full information model, s.t. for every time step t
we observe all losses. The idea is: At each step, compute a policy m; that achieves minimal loss relative
to all actions. Then, use this policy to choose the next action. This is okay since there’s no reason to
explore due to the full information setting, and we can also be greedy, since the model is stochastic and
not adverserial.

Algorithm 3: Greedy Stochastic Contextual Bandit (full information)

for each timet=1,2,3,...,T do
Compute policy with minimal loss so far: m; = argminen ZZ: Ly(m(xy)) ;
Perform action: a; = m¢(xy);
For every a € A observe {;(a);

end

Theorem 2 The regret bound of the algorithm:

T T
Z]E [l (7" (24))] < Z]E [€e (¢ (24))] + O(v/ T log(|IL] - T))
=1 =1

Proof: For every 7 and time ¢, with probability greater than 1 —§ :

_ [, (AT
=\2 8\ 75

Therefore, for every time ¢, with probability greater than 1 — ¢ :

) 1 2| 2 /(2T
B[4 (me (20)] ~ E [t (x* (20))]] < 2 \/ giiox (257) = \/ F1o (157)

Now we can bound the regret:

T
Regret < Z \/? log <21;SI|T> = \/210,@; <21_6[|T> Z %

t=1
o(VT)

% Z_:g (7 () — B[l (7 (21))]

Setting § = 1 yields:

Regret = O(/T log(|1I|T))
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4.1 Explore Exploit

We will now look at a setting where we only have bandit feedback and not full information. That is,
exploration will be needed now.

Algorithm 4: Contextual Explore Exploit
for each timet=1,2,3,...,B do
Given z;, choose random action ay
Perform action a;
Receive loss ¢:(a)
Save (z, at, be(ar))
end

Compute policy with minimal loss so far: 5 = argmingecng Zil Lp(m(z){n(x;) = a;}
for each timet= B+ 1,...,T do

Given z;, compute a; = wg(xy)

Perform action: a;

Receive loss ;(at)
end

4.2 Analysis

Define:
L(m) = Eg[l(n(z), )]

For every policy m € I1, in the explore part we have:

E[f: (a0 T{an = 7 (#0)}] = Buyo, [B [ (@) Ta =7 (@)} | 2] = 1B, [E 16 (a0) | 2] = 1 L(m)

k
Thus:
E[L(m)] = E

B
1 1
E ;&5 (at) I {at =T (J],Q}] = EL(T(-)
And so we have an unbiased estimation for L(w) = kL(r).

Using Hoeffding’s inequality, w.p. greater than 1 — §:

; 1 o|1I|
L)~ ElE()] | < m
L(m)/k

L(np) < L(r")+2k- % log (T)

E[ Regret ] = B+ (T~ B) (B[L (x5) — L (x°)]) < B+ 2Tk | = log (2?') toT

Therefor w.p. 1 — § we have:

So the regret bound is:

Using § = £ and B = (Tk)3 (log %) * we get:

E[ Regret | = O (T%k% log%(T|H|))



5 ADVERSARIAL CONTEXTUAL BANDITS 8

5 Adversarial Contextual Bandits

In this case, we will see a use of the Follow the Perturbed Leader algorithm.

5.1 Model
The model consists of
e Actions a € {0,1}* (k bits each, 2* possible actions)

e A set of contexts Z C X which distinguishes between elements of policy class II, i.e.:

Vi, me €Il 3z € Z st mi(2) # ma(2)

e Optimizer oracle M((£,,z,)"—}) which returns an optimal policy given the history up to time ¢ —1.

5.2 Contextual FTPL Algorithm

The Contextual-FTPL(Z, ) algorithm is as follows:

Algorithm 5: Contextual-FTPL(Z,n)

Initialization:
for each z € Z do
‘ Sample random vector £, € [—%, %]k uniformly

end

Set S:={(z,0,):z€ Z}

for each time t do
Select policy m; = M(S U (4,,z,) %)
Perform action a; = m(zy)
Receive loss ()

end

Note: Losses are defined as linear functions £,(a) = a - £,.

5.3 Regret Bound

Theorem 3 We can bound the regret of the algorithm using the stability and error bounds:
Regret < Stability + Error

Stability = >/ E. [b (¢ (20))] — E. [€ (w41 (24))]
Error =E [maxﬂen dcezle (ﬂ(())] —E [minﬂen dcezle (77(())]

Proof: Considering the losses of all time steps, and marking 7+ as the optimal policy:

T T T

Regret = > 0y (m (1)) — €y (7" (20)) = > _ b (m (1)) = by (megr (2)) + D b (megr () — Lo (77 (1))

t=1 t=1 t=1

Stability Error
To prove the theorem we will first prove the following lemma:
Lemma 4 Zle by (meq1 (x)) — & (7% (21)) < Error

Proof: We will show by induction on T that:

T T
DL (mlQ) + D b (mevn (20) < D Le (17(Q) + D b (" (22)

CeZ CeZ
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The induction step: Substituting 7* with 719 and adding ¢py1 (7ry2 (x741)) implies:

T+41
Z e (m(Q)) + Z by (41 (24)) <
ez t=1
T

> e (mr42(Q)) + D b (mry2 (20) + Loy (o2 (w741)) =
€z t=1
‘ 741
Dl (mr2(Q)) + Y b (wrpa (24)) = (%)
cez =1

By the definition of w49, it holds that for all 7*:

T+1

(1) DL (@ () + D e (m (20))

ez

This completes the induction claim. Now, by using the previous equations we get:

T T
Dl mQ) + D b (e (@) < Y b (77(Q) + D b (17 (1))

ez t=1 ez

Thus:
T

Z£t+1 (7Tt+1 (%)) — (7T* (xt)) <
Sl (1)) — b (ma(Q)) <

(ez

max Y L(n(C)) —min Y _ Le(n(¢)) = Error

ez ¢ez

Using this lemma we can complete the proof of the theorem:

T T

Regret = > £y (my (20)) = b (mogr (20) + Y 4 (g (0)) — & (7° (20))

t=1 t=1

Stability <Error
< Stability + Error

5.3.1 Error Bound of Contextual-FTPL

Error =0 (717 |Z|k10g(|Z||H|)>

Lemma 5

Proof:
For any policy = € II: E [quz fc(”(o)} =0

Wp. >1-6:

St (m(¢) ~E [Zﬂdw(o)] — [t (n()) — 0 —0(}7¢|Z|klog<|znn|>>

ez ¢ez ez
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We choose § =

1
1Z][1] 1
Error = O <77 |Z|klog(|Z|H|)>

5.3.2 Stability Bound of Contextual-FTPL
Lemma 6
Ez [b (e (2¢)) — b (mep (24))] < mk|Z]

Proof: Since:

Ez [ (g (24)) — Li (mg1 (24))] < Pl (20) # To1 (20)) < Pme # me1]

If ¢ # mep1, then there exists ¢ € Z st m(() # m41(¢). We denote action 7(z) € A as a vector
7(x) € {0,1}* and as a set {j : 7(z)[j] = 1}. Thus, from the equation above:

Plr #misa) <D Pm(Q) #mena(Q1 <Y D Pliem(),d & (O] + P & me(C), 5 € mga Q)]

ez CEZ jelK]

We want to bound P [j € m((),j ¢ m+1(¢)] and P [j & 7:(C),j € m4+1(C)]. Given (, j, we will define a
vector f¢ ; s.t:

lei=1(0,..,0,0:(5),0,...,0)
Define ®(7) equal to all the losses of 7 until ¢, and loses on all ¢’ # ¢ and the loss on ¢ while excluding
the j’th coordinate:

Zf m (@) + > w () e+ () - (b —Ley)

¢'#¢

Furthermore, define:

m =arg min @ 7 =arg min O(7w
gﬂjéﬂ(() (), gﬂ]ééﬂ(C) ()

The event {j € m,(¢)} occurs only if:
O (n) + L) <@(T) = L(j) SO(T) - (m7) =0
If v—1>{¢:(j), then {j € m41(¢)}. This implies that £.(j) € [v — 1,v] and:
Plc(j) € o = 1,0]) = 3

Therefore,
Pljem(C),j ¢ m1(Q)] <

The second case is similar. Thus, we can complete the lemma:

Ez [ (m (24)) — Le (mg1 (24))] < Plme # mipa] < mklZ|

N3

5.4 General Regret Bound
We saw that the regret of this algorithm is bounded as

Regret < Stability + FError
——— N——
OMKI|Z|T)  O(5+/1Z|K log|Z]||1])

1
Optimizing over n we get n = logIZ||M] ) * L Plugging this into both terms gives the bound
! K Kzl ) VT

Regret = O (\/TK 123 10g% (2] |H|))
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