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1 Linear Bandits - Introduction

1.1 Motivation - Adversarial Online Shortest Paths

Consider the following task: A communication network is given (represented as a graph) and at every
time ¢ we want to send a message from node u to node v. How do we pick the best path?
One way to model the above problem is by the following adversarial model. At each time t:

e The adversary picks a cost (delay) for each edge e € E in the graph - ¢;(e) € [0,1]. Indexing the
edges of the graph, we can represent the costs as a vector of size |E|, ¢; = (c¢(1), ¢t(2), ..., et (| E])).

e The agent picks a path a; from u to v given the edges F. With a slight abuse of notation we treat
the path as both a sequence of edges, and as a vector of size |E| over {0,1}, where 1 means the
edge is included in the path and 0 means it is not included in the path.

e The agent suffers the cost of the path, a; - c; = Y ,, ci(e).
We consider three types of information models:
e Full information: the agent observes the costs for all edges in the graph, i.e., ¢;(e) for all e € E.

e Semi-bandit information: the agent observes the costs for edges included in the path used at time
t, that is, ¢;(e) for all e € a;.

e Full-bandit information: the agent observes only the total cost of the path picked at time ¢, i.e.,

ap €t = ocq, Ctle).

1.2 Linear Bandit Model

Next we introduce the Linear Bandit model, a general model which includes the problem of online
shortest paths. The model consists of the following:

e A set of actions A C R?. For example A = {a : a is a path from u to v}.

e A set of costs/gains C. For example C' = {0,1}* or C = [-1,+1]"%.

e The regret we will consider is
T T T T
regret = E at-ct—minag c-a= E a; - ¢; —mina - E Ct.
a€A a€A
t=1 t=1 t=1 t=1

In addition we make the following assumption:
e The diameter of A is bounded:
Va,a' € A: |la—ad'|ls <D.

e The costs are bounded:
Vae A,ceC: |a-c¢l <R.

1Based on previous notes by Alon Mendelson and Yoav Galtzur.
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e The norm of the losses is bounded:

Vee C: |l < s.

Our focus is the 1 norm, though other norms can be used with appropriate care.

2 Linear Bandits With Full Information

In the full information setting [3], by the end of every round we observe the entire costs vector ¢;.
2.0.1 Regret Analysis
In this setting, the best arm has the following cost

T T T
min-costT = min Z a-ce =M Z c |- Z Cy
acd =1 =1

t=1

2.1 Follow The Leader

Follow the Leader will act choose the best action according to all previous costs. Since finding the best
action may be a hard problem, we’ll assume oracle access to M, which solves the static optimization
problem.

Algorithm 1 Follow The Leader
Require: Oracle M(c) := argmingecaa - c
fort=1to T do
ar =M (Zt;:lo cT)
Observe c¢;
Pay cost a; - ¢;
end for

2.1.1 Linear Regret Example

As seen in the example below, Follow the Leader (i.e., picking the best action until now in a greedy
manner), can lead to poor results. Specifically, linear regret in 7. Consider the case in which there are
two actions A = {(0,1),(1,0)}, and the costs are defined as follows:

(1/3,2/3) t=1
ce =1 (0,1) t>1At mod2=1
(1,0) t>1At mod2=0

If the first arm was (0, 1) then it will suffer cost of 2/3 and will choose next round arm (1,0). This arm
will suffer in round ¢ = 2 cost of 1, and the best arm would be (0,1). At ¢ = 3 it will get again cost of
1, when the other arm, (1,0), would be the best arm. This alternation will continue until the end of the
horizon. Similar analysis for starting with the second arm would lead to that the algorithm suffers cost
> T —2/3. Where as the best fixed action is (1,0), with total cost < Z. Leading to linear regret.

2 T
regret = costpy, — min-costy > T — 375" Q(T)
We’ve seen such examples for worst-case behavior in other cases where deterministic algorithms are used.
Our solution then will be adding randomness to this algorithm.
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2.2 Follow The Perturbed Leader - FPL

. t
From now on we’ll use the notation Ci.; to represent > _; c,.

2.2.1 Follow The Perturbed Leader - Algorithm and Regret

Algorithm 2 Follow The Perturbed Leader (FPL)

Require: Oracle M, perturbation parameter n < 1
fort=1to T do
1

d
Sample ¢; uniformly from [0, 5]

ar =M (CIt + Zt;:lg C'r)
Observe ¢,
Pay cost a; - ¢;

end for

Theorem 1 (FPL regret) For any set of costs c1,...,cr € C, the FPL algorithm with n < 1 satisfies
D
E[costrppr] < min-costy + nRsT + —,
n
where Ya,a' € A (la—d'||1 < D),Yac AceC (Ja-¢| < R) and Ve e C (|lc]1 < s)

Corollary 2 Forn = 1/%, Regret is 2/ RsDT

Before proving the regret bound, we’ll analyze an ’algorithm’ which observes ¢; before choosing a; to
get some intuition.

2.2.2 Intuition - Be The Leader

We will start with intuition for the FPL. Consider the illegal(!) algorithm 'Be The Leader’, which first
observe the current cost vector and only then picks a;. This is not a legal algorithm since it depends on
unobservable information, i.e., ¢;.

Algorithm 3 Be The Leader
Require: Oracle M
fort=1to T do
Observe c¢;
a; = M(Ch.)
Pay cost a; - ¢
end for

We show that BTL has zero regret.

Theorem 3 (BTL has no regret) Be the Leader has no regret, that is

T
> M(Cry) - er < M(Crr) - Crur

t=1
Proof: By induction on 7.
For T =1, the two sides of the inequality are identical and the claim holds. Assume correctness for T

T+1
> M(Cha) ¢ < M(Crr) - Crr + M(Criryr) - o

t=1
< M(Crrg1) - Crr + M(Crirsg1) - 11
= M(Crr+1) - Crra
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|
Where the first inequality holds because of linearity and the induction hypothesis, and the second
inequality holds since M (Cy.7) is optimal w.r.t. cost Cy.7.
2.2.3 FPL Regret Analysis
In the lemma below we upper-bound the cost of Be The Leader when perturbations are added.
Lemma 4 For every set of perturbations qo, ...,qr (where go =0)

T
ZE[M(CM +q¢) -] < M(Cr.r) - Cr.r + DE

t=1

T
Z llg: — qt1|c>o‘|

t=1

Proof: Consider the BTL algorithm, but with cost at time ¢ being ¢; + ¢; — q;—1. Note that for any
t, the total cost from time 1 to ¢ is:

T
ZCT +4r —qr—1 = Cl:t + q:

T=1
Now we’ll look at the cost of this algorithm

T

ZM(Cl:t +aq) (et +q—q—1) < M(Crr+qr) - (Crr + qr)
=1

< M(Crr) - (Crr +qr)

T
= M(Cr1) - Crr+ Y M(Crr) - (¢ — qi—1)

t=1

Where the first inequality holds since BTL has zero regret, and the second since M (Cy.7 + gr) is optimal
w.r.t. cost Ci.7 + qr.
We’ll rearrange the above expression and get

T T
> M(Cr+aqr) e < M(Crr) - Crr + 3 (M(Crr) — M(Cha + q0)) (gt — G—1)
=1 t=1
T
< M(Crr) - Crr+ > [IM(Crr) = M(Cr + g)ll1-lgr — qe—1lloo
=1

<D
T
=M(Cvr) - Crr+ DZ gt — qt—1l]

t=1

Corollary 5

T
ZE M(Crt +qt) - ¢r] < M(Cy.r) - Cr.r + D/ = min-costr + D/n
=1

Proof: Instead of sampling ¢; + [0,1/7]? in every time step, we can sample q; « [0, 1/7]? once and
use it for every t. Since ¢; is taken from the same distribution as the other ¢;, they are independent,
and the lemma is true for every set of ¢i, ..., ¢r, we can use the same analysis as in the lemma:

T
> E[M(Crs+ @) ] < M(Crr) - Crr + DE [|lg1 — golloo] < M(Crr) - Crr + D/

t=1
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Where the last inequality is due to the fact that ¢; € [0,1/5]? a

Now we are ready to prove the FPL regret bound:

Proof:
Let costyp;, = E[M(Ch.t—1 + qt)ct] and costlyr, p = E[M(Ch.t + g¢)ct] be the costs of FPL and BTL +
perturbation at time ¢, respectively.
Note that the only difference between the costs is the argument passed to M: Ci.;_1 + g+ as oppose to
C1.t + q;. These two sets of values only differ by ¢; and as we’ll show in the next lemma, 1emma|ﬂ their
overlapping will help to bound the regret. Denote the probability of sampling ¢; such that C1.,—1 + ¢
and C7.; + ¢; are intersecting by f. Upper bound the cost of the other events by R and we’ll get

costppr, = E[M(Cri—1 + )] <E[M(Cra + gl + (1= f)R
Following Lemma [6] below, where z := ¢;, we get 1 — f < n[|c¢||1. For one time-step we get:
COSt%pL = E[M(Cl;t_l + qt)ct] < ]E[M(Cl;t + qt)ct] + RnHCtul < ]E[M(Cl;t + qt)ct] + R??S

Summing over the time-steps ¢:
T

costppr < ZE[M(CM + ¢¢)ct) + Rns < min-costy + D/n + TRns
t=1

O

Lemma 6 For every z € R%, the volume of the overlapping are between the cubes [0,1/n]? and z +
[0,1/n]¢ is at least 1 — n]|z|||1

Proof: Pick some z uniformly from [0,1/n]¢. If x ¢ 2+ [0,1/n]%, then there exists some i € [d] such
that z; ¢ z; +[0,1/n]. Since x is picked uniformly at random the event of z; ¢ z; + [0,1/n] occurs with
probability at most 7|z;|, and by union bound the event in which all coordinates of x are outside occurs
with probability at most n||z|||;. The event that x is inside z + [0,1/n]¢ happens with probability at
least 1 — n||z||]1. O

Corollary 7 Let Dy ~ Unif([0,1/n]%), Dy ~ Unif(z + [0,1/n]%), then
1Dy = Dally < 2n|2]1
Proof:

D1 — Dall1 = 2||D1 — Dallrv < 27|z

3 Full Bandit Model

We proceed to the full bandit setting, in which the learner only observes the cost of the chosen action
a; at each round t.

3.1 Reduction to Full Information

Following is a reduction from the full bandit model to full information [I], similar to the reduction
presented in lecture 6. The general reduction paradigm appears in Figure For simplicity, we will
assume that the standard basis of R? are valid actions (namely ey, ...,eq € A, where the i’th index of e;
is 1 and the rest of the indices are 0). We will later show how to alleviate the assumption. Algorithm
use a full information algorithm, calling it once per block of B rounds. In each block it alternates
between the action selected by the full information algorithm and a random exploration of the standard
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basis actions, which are used to construct an unbiased estimator of the block’s cost vector for updating
the full information algorithm.

Qar Tt

Linear Full Info

¢r ce(xe)

Linear Bandit

Figure 1: Paradigm for reducing full bandit feedback to full information.

Algorithm 4 Full MAB by reduction to full information
Require: Linear Bandit Full Information algorithm FI, block size B
fOI‘T:L...,% do
T.+{(r—1)B+1,...,7B}
Receive action a; from FI
For each e € {eq,...,eq} sample s, (e) from T (with s;(e;) # s-(e;) if i # j)
for t € T; do
if ¢t = s, (e;) for some i € [d] then
Select z; = ¢;
else
Select z; = a-
end if
Observe ci(x) = ¢ - x4
end for
Pass ¢; = (Cs, (e)(€1), -+ Cs,(eq)(€d)) to FI
end for

Note that:

e In each block, ¢, is an unbiased estimator of the cost vector in that block. This is due to the fact
that the exploration of e; is chosen randomly inside the block (as we saw in lecture 6).

e We call the full information algorithm once per block, using the fact that e; - ¢; extracts the i’th
coordinate of ¢; and that ¢, is unbiased to construct a full information cost vector.
Next is the regret guarantee of Algorithm

Theorem 8 Using the FPL full information algorithm (Algorithm @) and a block size B > 0, the
expected regret of Algorithm [ satisfy

TRd
regret < VvBRSDT + 5

Setting B = %, the regret satisfy
regret = O(T2/381/3d1/3R2/3D1/3).

Proof: The number of rounds for the internal full information algorithm is %. By Theorem [1f for

every a € A,
T/B T/B T
E Cr-ar| <a-E Cr 24/ RsD—.
Tz::lc a a Zc + S B

T=1
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Suffering the maximal cost per exploration round of R, with d exploration rounds per block,

T

E Ct - Tt

t=1

T/B-1 B T/B

<E CrB+i - Qr +LM§BE Cr-ar +LM,
> 2. B B

E

=0 =1 T=1

where the last inequality follows by ¢, being an unbiased estimator of the cost at block 7. Plugging the
regret bound of FPL,

T/B

TRd
< Ba-E Z ¢, | +2VBRsDT + -
=1

T
E [Z Ct Ty
t=1

Again exploiting the fact that ¢, is an unbiased estimator, we conclude that

d d ~——— TRd
E th'xt SCL'ZCt+2 BRSDT‘F?,
t=1 t=1
which yields the regret bound. Setting B = %7 we obtain the second regret bound. ]

3.2 Alleviating the Natural Basis Assumption

(af,...,a]) |ar = Z‘::l alx; or ay = x;

Linear Full Info

ér ct(ar)

Linear Bandit

Figure 2: Modifying Algorithm [4| to accommodate a general basis x1, ..., Z4.

Algorithm [4] assumes that ej,...,eq € A, which are used to provide the costs for the full information
algorithm. While this assumption does not hold in general (for example in our communication network
example), we can replace it with some basis {z1,...,24} C A of span(A)H Each action a € A can be
represented as a = Z?:l a;z; for ag,...,aq € R, and instead of exploring ey, ..., e4 the algorithm will
explore x1, ..., 4. To communicate with the full information algorithm, each action a = E?Zl a;x; will
be presented to the full information algorithm as {«,...,aq}. One challenge still remains, to show that
the diameter of the actions introduced to the full information algorithm are bounded, that is, for any

d d
a,a’ € Asuch that a =), ; a;x; and o’ =), alwy,

d
Z lo; — | < D
i1

for some D > 0. While this is not true for any basis, next we will show that there is always a basis
{x1,...,2q} € A such that for all i € [d], «; € [-1, 1] Such basis will ensure that Zle la; — o] < 2d.
Generally finding such basis is hard, but there is an efficient algorithm for finding a 2-approximation.

2Without loss of generality we assume that the dimension of span(A) is d. If no such basis exists, we can simply
represent A using a basis with size smaller than d.
3The costs and the norm of the costs vectors are bounded by the problem parameters for any basis.
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Definition 9 (Barycentric spanner) A set {z1,....,24} C A CR? is a barycentric spanner if
d
Va € A, Jaq,...,aq € [-1,1] s.t. Zaixi =a
i=1

Lemma 10 For every compact set A there exists a barycentric spanner.

Proof: Let A be a compact set. Assume without loss of generality that span(A) = R?. Let
Z1,...,2q4 € A such that det(zq,...,z4) is maximal. Fix a € A and let a = Z?:l o;x; for some
a,...,aq € R (if z1,...,24 is not a basis than the determinant above is zero, which contradicts the
span assumption). For any ¢ € [d],

d
|det(x1,y .oy Tim1, Gy Tig1, ..y Ty )| = |det x17...7xi,1,2ajxi,xi+1,...,xn
j=1
d
= Z laj| |det(z1, ..., i1, Tjs Tig1s o, Tn)| (det is multilinear)
j=1

= || |det(z1, ..., Ti—1, Ti, Tit1, -, )| . (if ¢ # j the determinant is 0)
By the definition of z1,..., 24 (maximal determinant),
|det (@1, ooy @ity Ty Tip 1y ooy T )| > |det (1, ooy Tim1, @y Tig1y ooy T )|

which implies that |«;| < 1. As this is true for any ¢ € [d], {z1,...,24} is a barycentric spanner. O

4 Stochastic Linear Bandits

We switch from an adversarial setting to a stochastic setting (see Chapter 19 in [4]). For convenience,
we will consider maximizing rewards as opposed to minimizing costs.

4.1 Setting

Let A C R? be the set of actions. We make the following assumptions regarding the stochastic linear
bandits model.

e Each action a € A satisfies ||a||2 < 1.

e There exists 0* € RY, satisfying ||6*||2 < 1, such that the reward observed for an action a € A is
given by r(a) = 6* - a + w, where w is a 1-subgaussian random variable. Note that this implies
E[r(a)] = 6* - a.

The regret under this model is defined by:

T

T T
regret = E maxa - 0% — E a; - 0" = E max(a —ay) - 0% .
P acA e} Pt acA

4.2 UCB Approach to Stochastic Linear Bandits

We tackle the stochastic linear bandits problem by generalizing the UCB algorithm. This approach goes
by several different names, e.g.:

e LinRel - Linear Reinforcement Learning;

e LinUCB - Linear UCB; and



Stochastic Linear Bandits 9

e OFUL - Optimism in face of uncertainty for linear.

We will refer to it by LinUCB. Similarly to UCB, the idea behind LinUCB is to maintain confidence
sets C; C R such that 6* € C; with high probability, for every ¢ € {1,...,T}. The confidence sets are
then used for deriving upper bounds on the expected reward of actions in A, based on which actions are
chosen — see Algorithm [5] Below we describe how the confidence sets are constructed. Intuitively, we
would like them to contain 6* (with high probability) while being as small as possible.

Algorithm 5 LinUCB

Require: Set of actions A C R? and vector #* € R?
fort =1to T do
compute confidence set Cy
UCBy(a) < maxgpec, 0 - a
at + argmaxg,ec 4 UCBi(a)
end for

4.2.1 Estimating 6*

At time step t € {1,...,T}, towards building the confidence set we compute an empirical estimate of
0*. Given the information we have gathered after ¢ steps — (a,,r,) for 1 <7 <t — we do so by solving
the following regularized least-squares problem:

t
N _ : _pn. 2 2
Gt_argr%m;(ﬁ 0 aT) +)‘||9H27

where A > 0. Note that A ensures the objective has a unique minimizer, even when ay, ..., a; do not span
R?. The solution to this minimization problem can be written in closed form as:

t
0, =V, "
t— V¢ arTr,
T=1

where Vo = A- T e R¥¥4 and V, =V, + 23:1 a.al.

T

4.2.2 Constructing the Confidence Sets
We make two quick reminders that will be used in the construction process.

e For x € R? and positive semidefinite M € R?*?, the norm of z induced by M is denoted by
l|]|2; == 2" M.

e For any x, 2 € R? it holds that Tz < ||2||ar]|2|[ar-1-
Now, at time t we take the estimate ét_l to be the center of C; and let:
Co={0€R |0 —0,1|},_, <Bi}.

That is, the confidence set C} is an ellipsoid centered at 0 1, whose principle axes are the eigenvectors of

Vi_1. For 6 € (0,1), we choose 3; = VA + \/2 1og% + dlog(%), meaning that §8; grows logarithmically
with ¢, and 1 < 81 < 85 < --- < Bp. To better understand the intuition behind this choice of 3;, we can
look at the definition of C; and write the condition on # € C; as:

(6 — ét—l)TV;t—l(e - ét—l) < B .

Typically, V;_1 grows linearly time while §8; grows only logarithmically. As a result, the size of the
confidence set shrinks (and at a relatively fast rate).
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4.2.3 Regret Analysis

Before bounding the regret of LinUCB, we prove the following lemma.

T i det (V-
Lemma 11 3, min(1, [|ar[[}, - ) < 2log Gyt < 2dlog ST

Proof: For any u € [0,1] it holds that min(1, ) < 2In(1 + u), and so:

T

T
S min(, flagl?, 1) <23 loa(1 + flacl? ).
t=1

t=1
We now show that:

det(Vr)
det(Vp) -

T
> log(1 + [lar|f? -1 ) = log
t—1
For t > 1:
Vi=Vio+aa] = Vi, (T4 Vi fae ViIE) V.

Since the determinant of a product of matrices is equal to the product of the respective determinants,
we get that:

det(V;) = det(V; 1) det (1 + Vjatajvtj%) .

The eigenvalues of the matrix I + 22" € R?, for any z € R?, are 1 and 1 + ||z||3, with the multiplicity
of the former being d — 1. Along with the fact that the determinant of a symmetric matrix is equal to

_1 _1
the product of its eigenvalues, this implies that det (I +V,_3a,a/ V,_3) =1+ ||at|\%/_1 and:
t—1

T
det(Vp) = det(Vp) H 1+ ||at”v
t=1

Dividing by det(Vp) and taking a log of both sides, we get:

det(Vr)
det(Vo) ’

Zlog (1+ llael[3,—1 ) = log

which is the sought-after equality.

For the second part of the inequality, let Aq,..., Ay be the eigenvalues of V. By the inequality of
arithmetic and geometric means, we have that det(Vy) = H;i:l N < (3 Z?Zl )% = (§tr(Vr))?. Since
det(Vp) = A, and the trace of V7 can be bounded as follows:

T
tr(Vr) =tr (Vo) + Z tr(aa) ) <d\+T,

t=1

we conclude:

det (V) (5tr(Vr))? d\+T
1 <1 <dl .
B det(Vp) = BT A =BT
|
With Lemma [11]in hand, we can upper bound the regret of LinUCB under the assumption that the
confidence sets contain #* with high probability (see Chapter 20 in [4] for a proof that the confidence

sets are valid).

Theorem 12 Let § € (0,1) and assume that with probability at least 1 — 6 for allt € {1,...,T} it holds
that 0* € Cy. Then, with probability at least 1 — § the regret of LinUCB satisfies:

regret < \/STBT log c(iiet((v ))
0

dx+T

< \/8Td5T log 5\
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Proof: Denote by a* € argminge 4 a-6* an optimal action. If at time ¢ the algorithm played action
as, then there exists a vector 6; € C; for which:

0*-a* <UCB(a*) <UCB(a;) =0, - ay.
Subtracting 6* - a; from both sides of the inequality leads to:
0% (a" —ay) < (6 — 0%) -y,
where the term on the left hand side is the regret at time ¢, which we denote by regret;. Thus:

regret, = 0 - (a* —a;) < (0, — %) - a; < ||at‘|v;11\|ét =i,

where the last inequality is due to 2 "z < ||#||a||2]|sr-1 for any z, 2 € R? and positive definite M € R4*<.
Since 6, 0* € Cy, by the triangle inequality and the definition of C; we have that ||0; — 0*||v,_, < 2/B:.
Hence:

regret; < 2Hat||v;_11‘/5t .

Furthermore, recalling that [|6*]|3 < 1 and ||a]|3 < 1, the Cauchy-Schwarz inequality implies that

|0* - a| < 1. Consequently, regret; < 2, which combined with the upper bound above for regret; yields:

regret, < min (2,2y/Billally-, ) < 2/Bemin (1, lladlly, -, ) |

where the last transition is valid since g; > 1. Now, by the Cauchy-Schwarz inequality:

T T T
regret = Z regret; < TZ regret; < 2,|TBr Z min (1, ||atHV;11) ,
t=1 t=1 t=1

where we used the fact that 5; < fSr for all t € {1,...,T}. Lastly, applying Lemma concludes the
proof. O
As an immediate corollary of the above theorem we get a bound on the expected regret of LinUCB.

Corollary 13 The expected regret of LinUCB is bounded by:

E[regret] = O <d\/flog T) .

5 Further Reading

For more information see Chapter 7 in [5] and [2].
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