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1 Bayesian bandits and Thompson samplings

lecture topics:

• Bayesian model for MAB

• Thompson sampling algorithm

• Analysis in Bayesian setting

• Analysis for stochastic MAB

2 Bayesian model for MAB

We start with the basic model of MAB:
We have T round, K actions, and for each action a there is a distribution Da and mean µ(a).
In the Bayesian MAB we add an assumption that the parameters µ⃗ = (µ(a1)...µ(ak)) and Da are drawn
from the initial prior distribution P.

Bayesian Regret: we will mean the expected regret under our prior, and not the worst µ⃗, namely,

BR(T ) := EP[E[R(T )]|µ⃗] = EP[µ
∗ · T −

∑
t∈[T ]

µ(at)]

Now we will add some simplifying assumptions:

• One parameter:
There is one-to-one mapping between µ(a) to Da (µ(a) ↔ Da), meaning it is enough to have
distribution over µ⃗.

• Profit group denoted by F is finite, meaning that the support of the prior distribution is finite (in
that way we avoid integrals).

• A unique optimal action a∗ for all µ⃗ under the prior.

2.1 Bayesian update in Bayesian bandit

2.1.1 Notation:

History: t-history is denoted by Ht = ((a1, r1), ..., (at, rt)), the history is the actions and rewards until

time t, this is a random variable that depends on the algorithm, µ⃗ and D⃗.

feasible t-history: Ht = ((a
′

1, r
′

1), ..., (a
′

t, r
′

t)) is called feasible if there is an algorithm such that
P (H = Ht) > 0 (that is, there is an algorithm that can generate Ht), such algorithm is called H-
consistent.

1Based on scribe notes of Omer Amichay and Shahar Lewkowicz from 2021/22
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2 BAYESIAN MODEL FOR MAB 2

H-induced: An algorithm is called H-induced if for feasible Ht = ((a
′

1, r
′

1), ..., (a
′

t, r
′

t)) the algorithm is
deterministically choosing a

′

i in round i ∀i ∈ [t].
We are interested for a subset M ⊆ [0, 1]k in the probability,

PH(M)
∆
= PR[µ⃗ ∈ M |Ht = H]

This is defined for each H-consistent algorithm.

2.1.2 The posterior does not depend on the algorithm

Lemma 1 The distribution PH is identical for every algorithm that is H-consistent, that is, the distri-
bution PH(M) doesn’t depend on the algorithm.

Proof: We will prove for M = {µ̃}. Since any M is a disjoint union of µ̃, it suffices to prove this
when M contains a single profile since if µ ̸= µ′ the events µ⃗ = µ′ and µ⃗ = µ are disjoint.
We will prove this by induction on the length of the history: t.

Base case: t = 0, in this case H0 = ∅ therefore the probability P [µ⃗ ∈ M |H0 = H] is the prior
probability.

Induction hypothesis: ∀i < t the lemma hold for Hi.

Induction step: for t ≥ 1, we will consider H ′ as the prefix of H of length t−1, means H = {H ′, (a, r)}
and define:

π(a)
∆
= PR[at = a|Ht−1 = H ′]

This is the probability that the algorithm will choose action a given history H ′. Note that there is no
dependency on the mean reward vector, only the history.
Notice that:
(2.1.2.1)

Pr[µ = µ̃, Ht = H]

PR[Ht−1 = H ′]
=

Pr[µ = µ̃, Ht−1 = H ′, (at, rt) = (a, r)]

PR[Ht−1 = H ′]

= PR[µ = µ̃, (at, rt) = (a, r)|Ht−1 = H ′]

= PR[µ = µ̃|Ht−1 = H ′] · P [(at, rt) = (a, r)|µ = µ̃,Ht−1 = H ′]

= PH′(µ̃) · P [at = a|µ = µ̃,Ht−1 = H ′] · P [rt = r|µ = µ̃,Ht−1 = H ′, at = a]

= PH′(µ̃)Dµ̃(a)(r)π(a)

(1)

From the total probability theorem and (2.1.2.1) we get:
(2.1.2.2)

P [Ht = H] =
∑
µ̃∈F

P [Ht = H,µ = µ̃]

=
∑
µ̃∈F

P [Ht−1 = H ′] · PH′(µ̃) ·Dµ̃(a)(r) · π(a)

= π(a)P [Ht−1 = H ′]
∑
µ̃∈F

PH′(µ̃)Dµ̃(a)(r)

(2)
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Therefore:
(2.1.2.3)

PH(µ̃) =
PR[µ = µ̃,Ht = H]

PR[Ht = H]

=
PR[Ht−1 = H ′] · PH′ [µ̃] ·Dµ̃(a)(r) · π(a)

π(a) · PR[Ht−1 = H ′] ·
∑

µ̃∈F PH′(µ̃) ·Dµ̃(a)(r)
=

(2.1.2.1)︷ ︸︸ ︷
PH′(µ̃)Dµ̃(a))(r)∑

µ̃∈F
PH′(µ̃)Dµ̃(a)(r)︸ ︷︷ ︸

(2.1.2.2)

(3)

From the induction hypothesis, PH′(µ̃) does not depend on the algorithm, therefore PH(µ̃) is independent
of the algorithm as well.

□
Notes:
Claim: we can derive from the proof of the lemma that:

PH(µ̃) ∝ PR[µ̃]
∏
t

Dµ̃(at)(rt)

Corollary: PH′ = PH if H ′ is a permutation of H because their product will not be affected by the order.

1) We will not always get independence of the algorithm.
Example:
First, we will assume that we look over a set of feasible t-historiesH and the posterior: Pr[µ ∈ M |Ht ∈ H]
Consider our actions set to be A = {a1, a2, a3} and T = 1, we define ALG1 that chooses action a1 and
creates the history H = (a1, 1), and we define ALG2 that chooses action a2 and creates the history
H ′ = (a2, 1).
We can see that under ALG1:

Pr[µ̃ ∈ M |Ht ∈ {H,H ′}] = Pr[µ̃ ∈ M |Ht = H] = PH(M)

Same for ALG2 :
Pr[µ̃ ∈ M |Ht ∈ {H,H ′}] = Pr[µ̃ ∈ M |Ht = H ′] = PH′(M)

Therefore the probability PR[µ̃|Ht ∈ {H,H ′}] depends on the algorithm.

2) Suppose that we are given a subset of rounds S, we define S − history as:

HS = {(at, rt) : t ∈ S}
and the posterior:

PH,S [M ]
∆
= PR[µ̃ ∈ M |HS ]

For example: consider S = {2} at t = 1. ALG1 picks a1 and ALG2 picks a2, at t = 2 they both pick a1
if they received reward 1 in round 1, else they pick a2.
For ALG1, PH,S [M ] have a condition on event that we picked a1 at round 1, same for ALG2 and a2,
therefore the distribution depends on the algorithm.

2.1.3 Posterior as a new prior

Definition we will define a concatenation of feasible histories t − history and (t′ − t) − history as
H ⊕H ′ which is t′ − history.

We would like to show that a concatenation of two histories is equivalent to taking the history of the
first t steps and calculating over it the posterior of the next t’-t steps, that is: PH⊕H′ = (PH)H′ .
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Lemma 2 Let H be a feasible t-history and H ′ a feasible (t’-t)-history then

PH⊕H′(M) = PR
µ∼PH

[µ ∈ M |Ht′ = H ′] ⇔ PH⊕H′ = (PH)H′

Proof: We will prove for M = {µ̃}.
We denote ALG as an H ⊕H ′ − induced algorithm (the choosing of the actions is deterministic).
HALG

t is the first t steps and HALG
s is the s = (t, t′] steps.

We define two events:
Et = {HALG

t = H}

Es = {HALG
s = H ′}

Now we can see that:

PR
µ∼PH

[µ ∈ M |Es] =
PR

µ∼PH

[µ ∈ M, Es]

PR
µ∼PH

[Es]

=
PR[µ ∈ M, Es|Et]

PR[Es|Et]

=
PR[µ ∈ M, Es, Et]

PR[Es, Et]
= PR[µ ∈ M |Es, Et]
= PH⊕H′(M)

(4)

For a general algorithm we can use the fact that the posterior is independent of the algorithm. □

2.1.4 Independent Prior

Definition: The prior distribution is independent if the random variables µ(a) are mutually indepen-
dent random variables.

Advantage: We can update each action separately, because an action that occurs in time t will not be
affected by an action that occurs in time t′.

Given an history H, we denote the set of rounds in which action a was chosen in H by SH
a = {τ : aτ = a}.

The projection of H onto action a is defined as proj(H; a) = ((a′τ , r
′
τ ) : τ ∈ SH

a ). Note that it is a feasible
history.
We define the posterior distribution for action a:

∀Ma ⊆ [0, 1] P a
H(Ma)

∆
= Pproj(H,a)(µ(a) ∈ Ma)

This means that if we look at an event that depends only on action a, it will depend only on the
projection of a.

Lemma 3 Given an independent prior P and an event Ma ⊆ [0, 1] for every a ∈ A, then:

PH(
⋂
a∈A

Ma) =
∏
a∈A

P a
H(Ma)

Proof: We will define:
Ea = {µ(a) ∈ Ma}

EH
a = {proj(Ht; a) = proj(H; a)}
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Denote: M =
⋂

a∈A Ma

now:

PR[Ht = H,µ ∈ M ] = PR[
⋂
a∈A

(Ea ∩ EH
a )] =

∏
a∈A

PR[Ea ∩ EH
a ]

We can observe that because the prior is independent, the events {Ea}a∈A are independent too. In addi-
tion {EH

a }a∈A are independent as well, because the algorithm is H-induced, meaning it is deterministic
and only the rewards of the actions are random, which depend only on µ(a), hence the last equality.
Additionally:

PR[Ht = H] = PR[
∏
a∈A

EH
a ] =

∏
a∈A

PR[EH
a ]

And now we can see that:

PH(M) =
PR[Ht = H,µ ∈ M ]

PR[Ht = H]
=

∏
a∈A

PR[Ea ∩ EH
a ]

PR[EH
a ]

=
∏
a∈A

PR[µ ∈ M |EH
a ] =

∏
a∈A

P a
H(Ma)

Note: because the algorithm is H-induced we get PR[µ ∈ M |EH
a ] = P a

H(Ma) □
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3 Thompson Sampling Algorithm

3.1 We will see two versions of the Thompson Sampling Algorithm:

Algorithm 1 Thompson Sampling Algorithm 1

For each t < T :

Observe Ht−1 = H history

Draw action at from Pt(·|H) where: ∀aPt(a|H) = PR[a
∗ = a|Ht−1 = H]

In this version, in each round we look at the history until now and calculate the probability for each
action to be the best action, based on the history H (we assume that there is always a best action). For
each action a, the probability for it to be the one we chose is the probability it is the best action.
we can think about it as:

Pt(a|H) = PR[a
∗ = a|Ht−1 = H] =

∑
µ:a∗

a∗best in µ

PH(µ)

Algorithm 2 Thompson Sampling Algorithm 2

For each t < T :

Observe Ht−1 = H history

Sample µ⃗t from the posterior distribution PH

Choose ãt = argmax
a

µt(a)

Here for each step we sample a profile from the posterior distribution, then we choose the best action
from the profile we got.

Claim: The algorithms are equivalent
Intuition: In the second algorithm we sample from PH and choose the best action, the action probability
will be the sum of all the weights of all the µ that the action was the best for them, therefore it is equal
to: ∑

µ:a∗
a∗best in µ

PH(µ)

3.2 Computational aspects

Most of the computational time in the algorithm is spent on calculating the posterior PH .
Even though the number of profiles is finite, it will still be hard and the computational time will depend
on the amount of profiles, so in general we get O(|F |).

3.2.1 Distributions

Beta-Bernoulli:
We will use for a prior distribution Beta(1, 1) (equals to Uniform distribution over [0, 1]).
For Beta(α, β) and (s, f) (s-number of successes, f-number of failures) the posterior is

Beta(α+ s, β + f)

Meaning that every time we see a success we add 1 to the first parameter and every time we see a failure
we add 1 to the second parameter.



3 THOMPSON SAMPLING ALGORITHM 7

Gaussian:
If we use for the prior distribution µ ∈ N (0, 1), then the posterior is:

N (

∑n
i=1 xi

n+ 1
,

1

n+ 1
)

Note: the posterior mean is the average of the n samples + time zero for the prior, therefore we add 1,
the variance gets smaller with each sample.
We can also notice that if the prior is a Gaussian distribution then the posterior is also a Gaussian
distribution. When the prior and posterior belong to the some family of distributions, it is called a
”Conjugate prior”.

3.2.2 How are samples generated

For each version of the algorithm, we will show how the samples are generated for both the Bernoulli
and the Gaussian distributions:

Version 1:

1. Bernoulli:
For each action, we initially sample µ ∼ Beta(1, 1)
And at each time step t, we use µ to sample rt ∼ Ber(µ)

2. Gaussian:
For each action, we initially sample µ ∼ N (0, 1)
And at each time step t, we use µ to sample rt ∼ N (µ, 1)

Intuition: We sample µ at the initial step from the ground truth, then for each time step we take our
sample from the distribution (Bernoulli/Gaussian) with mean µ (note that the parameter µ is sampled
only once).

Version 2:

1. Bernoulli:
At each time step t, we sample µt ∼ Beta(st + 1, ft + 1), then we sample rt ∼ Ber(µt)

2. Gaussian:
At each time step t we sample µt ∼ N (

∑t−1
τ=1 rτ
t , 1

t ), then we sample rt ∼ N (µt, 1)

Intuition: In this case we don’t know the ground truth so we cant sample from it, instead at each step t
we will sample µt from the proper posterior distribution (Bernoulli/Gaussian) distribution for that step,
now we will sample the reward from the distribution (Bernoulli/Gaussian) with mean µt (Every step is
independent).

Note: both versions will create the same distribution.

3.3 Beta distribution

Beta(α, β) α, β > 0

Density function: xα−1(1−x)β−1

(α+β
α )

Mean: E
x∼Beta(α,β)

[X] = α
α+β

There is similarity between Beta distribution and Binomial distribution:
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Binomial:
p - the success probability, is given.
s - the number of successes, is calculated.

Beta:
p - the success probability, is calculated.
s - the number of successes, is given.

Formal relation:
PR

x∼Beta(α,β)
[x ≤ p] = Pr

z∼Bin(α+β−1,p)
[z > α]

Conjugate prior: In Bayesian probability theory, if the posterior distribution is in the same probability
distribution family as the prior probability distribution, the prior and posterior are then called conjugate.
(for example: normal distribution)

4 Bayesian Regret Analysis of the Thompson Sampling Algo-
rithm

We will now analyze the regret of the Thompson Sampling Algorithm, and show BR = O(
√

KT log(T )).

As we have done before, we will define the radius rt(a) =
√

4 log(T )
nt(a)

where nt(a) is the random value

who’s value is the amount of times the algorithm sampled the action a until time t, i.e. nt(a) =
|{aτ = a : τ ≤ t}|. Let µ̄t(a) be the average of rewards of action a until time t. We will define the upper
and lower confidence bounds: UCBt(a) = µ̄t(a) + rt(a) and LCBt(a) = µ̄t(a)− rt(a). As we have seen
before, with high probability we have µt(a) ∈ [LCBt(a), UCBt(a)].

We will assume that there exists a constant γ > 0 such that

E[UCBt(a)− µt(a)]
− ≤ γ

TK

and
E[µt(a)− LCBt(a)]

− ≤ γ

TK

where for each random variable Z we define

[Z]− =

{
0 , Z > 0

|Z| , Z ≤ 0

[Z]+ =

{
z , Z > 0

0 , Z ≤ 0

Let’s explain this assumption and why it is the case in many scenarios. Generally, we expect that
UCBt(a) > µt(a) > LCBt(a), which means that the random variable UCBt(a)− µt(a) will be positive.
In the term E[UCBt(a) − µt(a)]

− we calculate the expectation of this random variable, but in this
calculation (i.e., sum or integral) we omit all the positive addends and keep only the negative addends
(We multiply by −1 so the result will be positive). We assume that this sum (or integral) is small. There
may be cases where µt(a) will be much bigger than UCBt(a), but the probability for that will be too
small, so the expectation E[UCBt(a) − µt(a)]

− will be small too. The same argument is also valid for
the term E[µt(a)− LCBt(a)]

−.
This assumption is correct in cases of Bernoulli or Gaussian prior distributions, with γ = 2.

Wewilldefiner(a,Ht) =
UCB(a,Ht)−LCB(a,Ht)

2
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We will define BR to be the Bayesian regret of the Thompson Sampling Algorithm. We will also define
BRt to be the Bayesian regret of the algorithm at time t. Clearly,

BR =

T∑
t=1

BRt

Lemma 4

BR ≤ 2γ + 2

T∑
t=1

E[r(a,Ht)]

Proof: A result from the definition of the algorithm is that for each history H we have

Pr[at = a|Ht = H] = Pr[a∗ = a|Ht = H]

and therefore we also have

E[UCB(a∗, H)|Ht = H] = E[UCB(a,H)|Ht = H]

and therefore at time t we have

BRt = E[µ(a∗)− µ(at)]

= E
H∼Ht

[E[µ(a∗)− µ(at)|Ht = H]]

= E[UCB(at, Ht)− µ(at)]︸ ︷︷ ︸
term1

+ E[µ(a∗)− UCB(a∗, Ht)]︸ ︷︷ ︸
term2

We will now bound both term1 and term2 in order to get a bound on BRt. We will start with term2:

term2 = E[µ(a∗)− UCB(a∗, Ht)] ≤ E[µ(a∗)− UCB(a∗, Ht)]
+

≤
∑
a

E[UCB(a,Ht)− µ(a)]−

≤ K
γ

TK
=

γ

T

Before we bound term1, please notice that

E[LCB(at, Ht)− µ(at)] ≤ E[LCB(at, Ht)− µ(at)]
+

≤
∑
a

E[µ(a)− LCB(a,Ht)]
−

≤ K
γ

TK
=

γ

T

Therefore, we can bound term1:

term1 = E[UCB(at, Ht)− µ(at)] = E[2r(at, Ht) + LCB(at, Ht)− µ(at)]

= 2E[r(at, Ht)] + E[LCB(at, Ht)− µ(at)]

≤ 2E[r(at, Ht)] +
γ

T
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And now we can finish the proof of the lemma:

BR =

T∑
t=1

BRt

=

T∑
t=1

E[UCB(at, Ht)− µ(at)]︸ ︷︷ ︸
term1

+ E[µ(a∗)− UCB(a∗, Ht)]︸ ︷︷ ︸
term2

≤
T∑

t=1

(2E[r(at, Ht)] +
γ

T
) +

γ

T

= T (
γ

T
+

γ

T
) + 2

T∑
t=1

E[r(at, Ht)]

= 2γ + 2

T∑
t=1

E[r(at, Ht)]

□

Lemma 5
T∑

t=1

√
1

nt(at)
= O(

√
TK)

Proof:

T∑
t=1

√
1

nt(at)
=

∑
a

∑
t:at=a

1√
nt(at)

=
∑
a

nt(at)∑
j=1

1√
j

=
∑
a

O(
√

nT (a))

≤
∑
a

O(

√
T

k
)

= K ·O(

√
T

k
) = O(

√
TK)

The reason behind the inequality is as follows: recall that
∑

a nT (a) = T . The maximum of the term∑
a O(

√
nT (a)) is reached when for each action a we have nT (a) =

T
K . □

Using the last two lemmas we have just proven, we are ready to prove our main theorem.

Theorem 6
BR = O(

√
KT log(T ))
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Proof:

BR ≤ 2γ + 2

T∑
t=1

E[r(at, Ht)]

= 2γ + 2

T∑
t=1

√
4 log(T )

nt(at)

= 2γ + 4 log(T ) ·
T∑

t=1

√
1

nt(at)

= 2γ + 4 log(T ) ·O(
√
TK)

= O(
√
KT log(T ))

□

5 Thompson Sampling Algorithm - Worse Case

Until now we dealt with the case where we had an initial prior distribution P, which we assumed that it
is being used to draw the parameters µ⃗ = (µ(a1)...µ(ak)) and Da at the beginning. In this section, we
will omit this assumption and discuss the performance of Thompson Sampling Algorithm when there is
no assumption regarding a prior, i.e. there will be no bayesian assumptions.

However, we will assume that all the rewards are Bernoulli: For each action a, the reward at each sample
is a Bernoulli random variable with an unknown estimation µ(a) which remains the same for the entire
running. Of course, that means that all the rewards are always either 0 (we will call this reward “fail”)
or 1 (we will call this reward “success”).

Please note that the Thompson Sampling Algorithm is defined using a known prior P, so in order to
continue using it, we will have to define a prior P ourselves which will be used for the definition of
the algorithm. We will do it now: the prior will be Beta(1, 1). In other words, we “assume” that for
each action a, Da is a Bernoulli random variable with an unknown estimation µ(a) and this unknown
estimation is sampled at the beginning of the algorithm and remains the same for the entire time. Now
the algorithm is well defined again.

Notice the quotation mark we used in the word “assume” in the paragraph above. Until now, we assumed
that there is a prior. Not only we used this assumption when we defined the Thompson algorithm, but we
also used this assumption when we bounded it’s Bayesian regret. However, here we use the assumption
regarding the prior Beta(1, 1) only when we define the algorithm but we do not assume that it holds. In
other words, the estimations of the rewards of the actions might be drowned using a completely different
distribution. It is not trivial that we will manage to prove anything interesting regarding the Pseudo
regret of the algorithm in such a case.

We will define Θi(t) to be the sample of action i at time t.
Si(t) will be the amount of successes of action i until time t (excluding).
Fi(t) will be the amount of fails of action i until time t (excluding).
ni(t) will be the amount of times we played action i until time t (excluding). Clearly, ni(t) = Si(t)+Fi(t).
at will be the action chosen at time t.

Now we will define the Thompson Sampling Algorithm according to the prior knowledge we declared:

We would like to analyze this algorithm for an arbitrary profile µ⃗ = (µ1...µk). We will assume without
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Algorithm 3 Thompson Sampling Algorithm for Bernoulli Prior Knowledge

for each action i:

init Si = 0 and Fi = 0

for 1 ≤ t ≤ T:

for each action i:

draw Θi(t) from Beta(Si + 1, Fi + 1)

at = argmax
i

Θi(t)

play the action at and observe the reward rt

update Sat = Sat + rt and Fat = Fat + (1− rt)

loss of generality that µ∗ = µ1 > µ2 > ... > µk. Indeed, we do not assume a prior in our analysis.

We will define µ̂i(t) =
Si(t)

ni(t)+1 and ∆i = µ1 − µi.

In addition, for every i ̸= 1 (every non optimal action) we will define the following events:

Gi
µ(t) = {µ̂i(t) ≤ µi +

∆i

3
}

Gi
Θ(t) = {Θi(t) ≤ µi +

∆i

3
}

We will also define the probability:

Pi,t = Pr[Θ1(t) > µi +
2∆i

3
|Ht−1]

= Pr[Θ1(t) > µ1 −
∆i

3
|Ht−1]

In the illustration below we can see the idea behind those 3 events:

One should note the differences between the events declared here and the events we had in Lesson 1
in the algorithms we learned there (Successive Elimination, UCB Algorithm, etc.). There, we had one
type of event for each action - we wanted the estimation of the expectation to be not too far from the
actual/real expectation (i.e., we wanted |µ̂i(t)− µi| to be small. Here, we have the event Gi

µ(t), which
is similar to what we have seen so far. The “new” event is Gi

Θ(t). The idea in Gi
Θ(t) is that we don’t

want the Θi(t) that we sample to be too far from our estimation µ̂i(t), which is where we sample Θi(t)
from (actually, we sample Θi(t) from a Beta distribution with mean value µ̂i(t)). In other words, we
sample Θi(t) from a Beta distribution with an expectation value µ̂i(t) (and in the event Gi

Θ(t) we want
the value we sample Θi(t) to be not too far from µ̂i(t)) but the estimated expectation value itself µ̂i(t)
might be far from the actual/real expectation value µi (and in the event Gi

µ(t) we want this expectation
not to be far from our the real value µi).

If both the events Gi
µ(t) and Gi

Θ(t) happen, we have

Θi(t) ≤ µ̂i(t) +
∆i

3
≤ (µi +

∆i

3
) +

∆i

3
= µi +

2∆i

3
= µ1 −

∆i

3
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so if we can have also guarantee that Pi,t is high, we will get that

Θi(t) ≤ µ1 −
∆i

3
< Θ1(t)

and that is exactly what we want, because we want action 1 to be chosen, and it happens when Θi(t) <
Θ1(t) for all 2 ≤ i ≤ k.

Lemma 7 For each time 1 ≤ t ≤ T , action 2 ≤ i ≤ k and history Ht−1:

Pr[at = i, Gi
µ(t), Gi

Θ(t)|Ht−1] ≤
1− Pi,t

Pi,t
Pr[at = 1, Gi

µ(t), Gi
Θ(t)|Ht−1]

The meaning of this lemma is that if Pi,t is close to 1, then the probability of choosing a non-optimal
i will be small.

Proof: If either Gi
µ(t) or Gi

Θ(t) does not happen, then we need to prove that 0 ≤ 1−Pi,t

Pi,t
· 0, so

there is nothing for us to prove. Therefore, we can condition on Gi
µ(t) and Gi

Θ(t), meaning that we
need to prove that

Pr[at = i|Gi
µ(t), Gi

Θ(t), Ht−1] ≤
1− Pi,t

Pi,t
Pr[at = 1|Gi

µ(t), Gi
Θ(t), Ht−1]

Note that Gi
µ(t) is determined by Ht−1, because µ̂i(t) is determined by the rewards we have seen so

far. Therefore it is sufficient to prove that

Pr[at = i|Gi
Θ(t), Ht−1] ≤

1− Pi,t

Pi,t
Pr[at = 1|Gi

Θ(t), Ht−1]

For at = i when Gi
Θ(t) happens, it is required that ∀j : Θj(t) ≤ µi +

2∆i

3 . Therefore

Pr[at = i|Gi
Θ(t), Ht−1] ≤ Pr[∀j : Θj(t) ≤ µi +

2∆i

3
|Gi

Θ(t), Ht−1]

= Pr[Θ1(t) ≤ µi +
2∆i

3
|Gi

Θ(t), Ht−1] · Pr[∀j ̸= 1 : Θj(t) ≤ µi +
2∆i

3
|Gi

Θ(t), Ht−1]

= Pr[Θ1(t) ≤ µi +
2∆i

3
|Ht−1] · Pr[∀j ̸= 1 : Θj(t) ≤ µi +

2∆i

3
|Gi

Θ(t), Ht−1]

= (1− Pi,t) · Pr[∀j ̸= 1 : Θj(t) ≤ µi +
2∆i

3
|Gi

Θ(t), Ht−1]

Moreover,

Pr[at = 1|Gi
Θ(t), Ht−1] ≥ Pr[∀j ̸= 1 : Θ1(t) > µi +

2∆i

3
≥ Θj(t)|Gi

Θ(t), Ht−1]

= Pr[Θ1(t) > µi +
2∆i

3
|Gi

Θ(t), Ht−1] · Pr[∀j ̸= 1 : µi +
2∆i

3
≥ Θj(t)|Gi

Θ(t), Ht−1]

= Pr[Θ1(t) > µi +
2∆i

3
|Ht−1] · Pr[∀j ̸= 1 : Θj(t) ≤ µi +

2∆i

3
|Gi

Θ(t), Ht−1]

= Pi,t · Pr[∀j ̸= 1 : Θj(t) ≤ µi +
2∆i

3
|Gi

Θ(t), Ht−1]

and therefore

Pr[at = i|Gi
Θ(t), Ht−1] ≤ (1− Pi,t) · Pr[∀j ̸= 1 : Θj(t) ≤ µi +

2∆i

3
|Gi

Θ(t), Ht−1]

≤ 1− Pi,t

Pi,t
· Pr[at = 1|Gi

Θ(t), Ht−1]
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□
The pseudo regret equals to

∑k
i=2 E[ni(T )] ·∆i. We will analyze now E[ni(T )].

E[ni(T )] =

T∑
t=1

Pr[at = i]

=

T∑
t=1

Pr[at = i, Gi
µ(t), Gi

Θ(t)]︸ ︷︷ ︸
term1

+

T∑
t=1

Pr[at = i, Gi
µ(t),¬Gi

Θ(t)]︸ ︷︷ ︸
term2

+

T∑
t=1

Pr[at = i,¬Gi
µ(t)]︸ ︷︷ ︸

term3

We will bound term1, term2 and term3 in order to get a bound for E[ni(T )]. In term1 we deal with the
case that both the 2 good events happen. In term2 we deal with the case where the estimation of the
expectation µ̂i(t) is close to the real value µi but the Θi(t) we sample from the Bernoulli variable with
expectation µ̂i(t) is too far from this expectation. In term3 we deal with the case where our estimation
of the expectation µ̂i(t) is too far from the real expectation µi.

5.1 Bounding term 1

T∑
t=1

Pr[at = i, Gi
µ(t), Gi

Θ(t)] =

T∑
t=1

E[Pr[at = i, Gi
µ(t), Gi

Θ(t)|Ht−1]]

≤
T∑

t=1

E[
1− Pi,t

Pi,t
Pr[at = 1, Gi

µ(t), Gi
Θ(t)|Ht−1]] =

T∑
t=1

E[
1− Pi,t

Pi,t
I(at = 1, Gi

µ(t), Gi
Θ(t))]

Where the inequality is by using Lemma 7.
Note that everytime that this indicator I(·) = 1 then n1(t) also increases by 1. We will look at those
times and denote them by τj . So:

T∑
t=1

E[
1− Pi,t

Pi,t
I(at = 1, Gi

µ(t), Gi
Θ(t))] =

T∑
j=1

E[
1− Pi,τj

Pi,τj

τj+1−1∑
t=τj

I(at = 1, Gi
µ(t), Gi

Θ(t))

︸ ︷︷ ︸
1

]

≤
T∑

j=1

E[
1− Pi,τj

Pi,τj

]

The second inequality is because from time τj (including) to time τj+1 (excluding) there is always
exactly one time where we have played action 1, which means that the corresponding indicator will be
equal to 1 and all the other indicators will be equal to 0, so the sum of these indicators will be 1.

Lemma 8

E[
1− Pi,τj

Pi,τj

] ≤

{
O( 1

∆i
) j ≤ 8

∆i

O( 1
∆2

i
) exp (

−∆2
j

2 ) j ≥ 8
∆i

We will not prove this lemma in the lectures (it appears in the paper).
Now we can use the lemma to bound term one:

T∑
t=1

Pr[at = i, Gi
µ(t), Gi

Θ(t)] ≤
T∑

t=1

E[
1− Pi,t

Pi,t
· I[at = 1, Gi

µ(t), Gi
Θ(t)]]

≤
T∑

j=1

E[
1− Pi,τ

Pi,τ
] ≤ O(

1

∆2
i

+
1

∆4
i

)
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5.2 Bounding term 2

We will now show what happens in the case where the estimation of the expectation µ̂i(t) is close to the
real value µi but the Θi(t) we sample from the Bernoulli variable with expectation µ̂i(t) is too far from
the expectation:

Lemma 9

∀i ̸= 1.

T∑
t=1

Pr[at = i, Gi
µ(t),¬Gi

Θ(t)] = O(
log(T )

∆2
i

)

Proof idea:
Define Li =

c·log(T )
∆i

. We allow Li times to take action i (so the sum of probabilities will be Li) and after
Li times that we use action i we can bound the following term using Hoeffding’s inequality:

E[

T∑
t=1

I[ni(t) > Li, µ̂i(t) ≤ µi +
∆i

3
] · Pr[Θi(t) > µi +

2 ·∆i

3
|Ht−1]] ≤

1

T

There is a need to continue the proof by presenting (and using) a connection to the Binomial distribution
(recall that the algorithm uses this distribution). We will not see this in the lesson (the full proof is in
the paper).

5.3 Bounding term 3

In this case we chose a non-optimal action and our estimation of the expectation µ̂i(t) is too far from
the real expectation µi

Lemma 10

∀i ̸= 1.

T∑
t=1

Pr[at = i,¬Gi
µ(t)] = O(

1

∆2
i

)

Proof:
T∑

t=1

Pr[at = i,¬Gi
µ(t)] ≤

T∑
t=1

Pr[¬Gi
µ(t)]

By Hoeffding’s Inequality we get:

≤
T∑

j=1

exp (
−∆2

i · j
9

) = O(
1

∆2
i

)

□

5.4 Bounding the regret

By summing over the bounds of each term, we get:

E[ni(T )] = O(
1

∆4
i

) +O(
log(T )

∆2
i

) +O(
1

∆2
i

) = O(
1

∆4
i

+
log(T )

∆2
i

)

Therefore, the Pseudo Regret will be:

k∑
i=2

E[ni(T )] ·∆i =

k∑
i=2

O(
1

∆3
i

+
log(T )

∆i
)
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